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BCTYII

MertonnyHl pekoMeHJalli Npu3HavYeHl AJid CTYJEHTIB YCIX CHelladbHOCTEH 1,
0COOJUBO, ISl TUX, XTO CAMOCTIMHO BHMBYA€ JAHUN PO3ALT BUIOI MaTeMaTHUKHU Ta
Oaxkae mpuadaTu HEOOX1JHI HABUYKU B PO3B’sA3yBaHHI 3a/]a4.

[lepenOayaeThcsi, MO CTYAEHTH 3HAllOMI 3 OCHOBHUMH TEOPETUYHUMU
MUTAaHHSAMU PO3ALLY «IOJABIMHUI Ta KPUBOJIIHIMHUM 1HTETpaD».

Marepiai BUKIAQJEHUN y BUIJSAAlI 3aHATH 32 MEBHUMU TEMaMH, Yy SKHUX
MPUBOJATHCS JOKIJIAHI PO3B’SI3aHHS TUIIOBUX 33Ja4 3 JOJATKOBUMHU MOSICHEHHSMU
TEOPETUYHUX TOJIOKEHb.

HanpukiHiii KOXXHOTO 3aHSTTS MICTUTHhCS BHU3HAY€HA KUIBKICTh 3ajad Jyis

CaMOCTIMHOTO PO3B’SI3yBaHHS 3 BIJIIIOBIISIMHU.

JAHATTA Ne 1. IloasiiiHuii iHTerpaj, #HOro oO0YHCJIEHHA
ABOKPATHHUM IHTerpyBaHHAM

3aoaual.l. OOUUCANTH TBOKPATHI IHTETPAJIH:

3

Tax [( Ddy: 6 [dy[— 1 d
a)!x{x—y+ V; )jy!m X.

P o036’ a3 amnmnsa:a)crnodaTky OOYHCIIOEMO BHYTPIIIHIA 1HTErpai, aAe Yy €

3MIHHOIO, @ X — CTaJIOI0

2x =
y2 y=2x , , Ax?  x2
j(x—y+1)dy= xy—7+y = 2x°—x —T+7+2x—x=
x y=x
3 x?
=x2—§x2+x=x—7.

Tyrt, micns iHTerpyBaHHS, MIACTABISIOYM MEX1 IHTETPYBAHHS N0 TEPBICHOI

BUKOpHUCTOBYBanacs ¢popmyna Herorona-JIeitOHia
b
[ r@ax = Fl = Fo) - F@),

Jam oOYMCIIOEMO 30BHINIHIA 1HTETpad — OJEpKaHWA BHUIE pe3yIbTaT

THTETPYEMO 3a X

1

2 x2 x%  x3
f("‘?)‘”:(?‘?)
0 0

1 0 1+0_1
2 6 3




1 2x
Orxe Idxj(x—y+1)dy=%.
0

X

1
BignoBias: .

0) TyT IHTETPYEMO CIIOYATKY 3a X, BBAXKAIOUU Y CTAJIOIO
y y

j 2y3 dx = y3f dx = yzarctgf . nyzl
Ox + y? 0xz+y2 vl _o 4
Jami oO4YuCaI0EMO 30BHINIHIA 1HTErpaid — OJEpKaHWM BHUIIE pe3ybTaT
IHTErpyemo 3a Y
4
}”yz dyzziyzdyzly3 =" (64+8)=61.
5 4 4 -, 127 |, 12

OOuncneHHss JTaHOTO JBOKPATHOTO IHTErpajly MOKHA 3alKCyBaTd B OUIBII

KOMIIAKTHIN GopMi

4y y3 af x| Y T4 T, 4
dy[—)—dx= arctg—|  |dy=2 [y2dy=— —67.
_I2y£X2+y2 _Izy g y y 4_I2y =159 )

HaBeneHnuii KOMMOAKTHUN PO3B’S30K JOIUIbHINIE BUKOPUCTOBYBATH MpHU

JIOCTaTHIX HaBUYKaX B OOYMCIIIOBAHHI IBOKPATHUX 1HTETPAJIiB.

Bigmosiae: .

3 a 0 a u a 1.2. O0UKNCIUTH JBOKpATHI IHTETpadu 1 MoOyayBaTH 00JIACTh

inTerpyBanns (o6macte D):
1 X 2 X x 2
a) [dx [(x+y)dy; 6) [dx [—dy.
0 X2 Loyy

Po36’ 53 amnnsa:a) BAKOHAEMO BHYTPIIITHE IHTETPYBAaHHS 33 Y, BBAXKAIOUU X

CTaJIOI0
y=x 2 4 4
X y’° , . X7 ox* 3 ., . X
X+y)dy=| Xy+-— =X -X"4+——-—==X" =X’ ——
XJ;( Y )dy ( y 2 ] , 2 2 2
y=X
Tenep BUKOHAEMO 30BHINIHE IHTETPYBAHHS 32 X
103 x* x> x* x° 1 1
[l =x? =x® —— |dx=| ———-— =~ 0--+0-—+0=—
ol 2 2 2 4 10 2 4 20

[To6yayemo obmacts inTerpyBanas D (puc. 1.1).



3anuieMo piBHSHHSA JiHIH, 1110 0OMEXYIOTh 00J1aCTh IHTEIPYBaHHSA:
x=0, x=1, y=x°>, y=X.

3Hai1IeMO TOYKH MEPETUHY LUX JIHIMU:

{VX::X;’:O(O;O); {yxzlezl':A(l;l); {i;g,’jo(o;o); {y:)l(.’:A(l;l)'

JIY

1.4

v X

Puc. 1.1
300pa3zumo oxepxkany obiacte D rtpadiuno. bymyemo mpsmi Xx=0 1 x=1

napayieapHi oci Oy . Jlami Oyayemo mpsamy Y = X, 1o mpoxoauTh yepe3 Touku O 1 A,

a Takox mapabony Y =X,

Heo06xigHo mam’saratu, 1o oomacte D 3aMKkHYyTa, 1 BC1 AaHI1 JIiHIT MatOTh BXOIUTH
710 MEXi 00J1acTi IHTETPyBaHHS.
0) BUKOHA€EMO BHYTPIIIIHE IHTETPYBAHHS 32 Y , BBAXKAIOYM X CTaJIO0

y=X 2
X 3 3
=—| ——x® |=x®—x.
X

X x2 X X 2
Joady=x* [y dy=-"-
vy Y, y




[IpoinTerpyeMo oaepkanuii pe3yabTaT 3a X (30BHIIIHE IHTETPYBAHHS)

4 2 2
Jz‘(x3—x)dx:£X——X—J :4—E—2+E=ﬁ.
) 42 ) 2 2 |4

[Tobynyemo obnacte D myist maHoro aBokpaTHOro iHTerpania (puc. 1.2).

2_5“Y

y=1/x

1.5

0.5
B\

05 1 1.5 2 2

Puc. 1.2

3anuiieMo piBHSHHS JiHIN, 10 00OMEXYIOTh 00J1aCTh:
1
x=1 X=2, y:E, y=X.

3Hai1IeMO TOYKH MEPETUHY IHUX JIHIN:
1 1
y=-, 1) 1Y = ). (Y% 1) (Y% :
{x:xl = A(1;1); {xeZ =>8(23); L _7=4aw; {7 =c@2.

bynyemo orpumany o6nacts D, mounHarouu 3 TOUOK MEPETUHY.

Jaii nmpoBogumo mipsimi X =1 1 X =2 mapanensHi oci Oy 1 mpsimy Y = X, 110

npoxonuth uepe3 Touku A i C. I, mHapemTi, rinepOoiry Y = —, 10 TPOXOIUTh Yepes
X

toukn A i1 B. Tenep Bubupaemo Ty niissHKy mionuau x0y, ne BCi AaHi JiHi{ BXOISTH

110 Mexi ooiacti D.



3 a0 aual3 O0YUCIUTH TOABIMHUN 1HTErPal 3a JOMOMOTOIO MEPEXOAY J10

JIBOKpPATHOTO (MIOBTOPHOTIO) 1O 3aj1aHiil odnacti D:

a) ﬂ xydxdy, sixmo o6xacte D — TPAMOKYTHHK, OOMEXKEHUH NpPIMUMHU
D

x=0, x=a, y=0, y=b (a,b — crami);

0) ” (X +y? )dxdy, AKmo obmacte D obMmexeHa miHiamu: y2 = 4x, y >0, x +
D

y =3

B) ”Sin (X+ y)dxdy, sxmo obmacte D obmexena mimismu: y =0, Yy =X,
D

X+ d
y= 5

Jlnst po3B’si3yBaHHS J1aHOI 3a7a41 HEOOX1/THO 3HATH HACTYIIHI ITpaBUJIA.

1) Obnacmos D € x0y nazusacmvca npasuivhoro y Hanpamky oci Oy, aKuio
0y0b-aKka npama, napanenvna oci Oy nepemunac mexcy odaacmi He Oinvuie, HIHC y
060X moukax (Kpim 0inanok mexci, napaneavnux Oy).

Axwo oonacmo D — npasunvua y nanpamky oci Oy (puc. 1.3), mo it mosxcna

3a0amu cucmemoro nepignocmei
_{a <x<bh,
() £y <y, ().

e

y 7 y«(x)

\\\\\\\\‘

y = yi(x)

B 4

Puc. 1.3



B 1iboMy Bumanky mojaBiiiHui iHTerpan Bix ¢yukuii z = f(x,y) mo obmacti D

MOXHa OOYMCIIUTH 3a JOTIOMOTOI0 JBOKPATHOTO (TOBTOPHOTO) 1HTErpasia

b y=y2(x)
ff f(x,y)dxdy = fdx f f(x,y)dy. (1.1)
a y=y1(x)

2) Obnacmoe D € x0y nazueacmvca npasuibHow y Hanpamky oci OX, AKuio
0y0b-aKka npama, napaienvHa oci OX nepemunae medxcy oonacmi He 0iibuie, HIHC y
060X moukax (Kpim Oiianok meuci, napaneavnux OX).

Axkuwo oonacmoe D — npasunvna y nanpamky oci OX (puc. 1.4), mo ii morxicna
3a0amu cucmemor HepisHocmeil

_ {c <y<d,
() S x <x0).
Toxi moxsiiiauii iHterpan Big ¢yskmii z = f(x,y) mo obmacti D MoXxHa

o0urcnuTH 3a GOPMYJIOIO

x=x7(y)
fj fx, y)dxdy = jd a | yf(x y)dx. (12)
x=x1(y)

Puc. 1.4



Axwo obracme D — npasunvha 6 060X HanpsamMKax, mo no8MOPHULL IHme2pa He
3anexdcums 8i0 NOpAOKY IHmMe2py8auHs, i 018 00UUCIeHHS NOOBIUHO20 IHMe2pand

MOIICHA BUKOPUCMOBY8amu 0YOb=sKULL i3 080X NOPSAOKIE IHMe2PYBaAHHs

d x=x2(y) b y=y2(%)
ff f(x,y)dxdy =fdy J f(x,y)dx = jdx j f(x,y)dy. (1.3)
D c x=x1(y) a y=y1(x)

AHxwo oonacmo D — nenpasunvna 6 060X Hanpamax, mo ii MOdCHa po3oumu Ha
NPABUNbHI YACMUHU MA CKOPUCMAIUCA 81ACMUBICIIO AOUMUSBHOCMI NOOBIHO20

IHmezpana

ff f(x,y)dxdy = ﬂ f(x,y)dxdy+ﬂ f(x,y)dxdy. (1.4)
Dy D

D,UD,

P o 36" a3 amn n a: a) noOynyBaBmM naHi npsmi (puc. 1.5), omepkumo

npsimokyTHUK OABC 31 cTropoHamu, mapanenbHUMHU OcsiM koopauHat. llpu Taxii
obyacti iHTerpyBaHHs (BOHa TIpaBWIbHA B 000X HaNpsMKax) BCE OJHO YH
00YMCITIOBATH TOIBIMHMIA iHTErpa 3a ¢popmytoro (1.1) uu 3a popmyioro (1.2), To6TO
crpaiboBye opmyina (1.3).

ki

w7 70000
o
% /// /////) /

// 0 7, 7

/C?/”/ / // Z
o

% 7 /// 7 // 7

Z / ///

%

77777

7 % /

7 .
...
7V o
y o

7 //1/4%% Y=0x

oo’ ‘.
///c z;',{////%l./////

Puc. 1.5

10



[arerpyemo 3a popmyioro (1.1), cnouatky 3a Yy, moTiM 3a X

2

y
2

b 2 4 b2 2

b
xdx = — [ xdx=—-
2 2 2

a’bh?
4

a b a
[ xydxdy= [ xdx| ydy = |
0 0

D 0

0 0

0) 3HalgeMO TOYKM TEpPeTUHY JiHIH, o0 OOMEXYyITh 3a/laHy 00JlacTh

IHTErpyBaHHS:
y? = 4x, . .{y2=4% L . .{Y+x=3: .
{y=0 =000 1), = a0-0, B2 110V = G0,

BukopucroByioun 3Hal[ieHI TOYKM NEPEeTHHY 1 3aJaHl pIBHSAHHS JIIHIMH,

nodyayemo obnacte D (puc. 1.6).

54y

Puc. 1.6

11



[IpencraBumo MOABIMHUN IHTErpAJl y BUIJIAA1I MOBTOPHOrO 3a (opmyroro (1.2).

30BHIIIHI MeXI1 IHTETpyBaHHs cTani. Y Hamomy Bumaaky Y =0 i1 y=2. BuzHaunmo
x, (y) i x, (y): Bi3bMeMO nOBinbHY TOUKY B 06macti D i gepes 1o TOUKy IpoBEIEMO

npsmy, napanensHy oci OX. Touky M, Ha3BeMO TOYKOIO BXOAy, a M, — TOUKOIO

2 2
. . . y
Buxony. Touka M, nexuts Ha kpuBlid OB, piBHAHHS SIKOT X = —, TOMY X; = —.
1 ’ 4’ 1

4

Touka M, mnexuts Ha npamiiBC, piBHAHHA sKkoi X=3-Y, TOMYy
X, =3—-Y. Orxe,

y2

ij(x + y3)dxdy=idysjy(x +y® x.

4
CnoyaTky BUKOHA€MO BHYTPIIIHE IHTETPYBaHHS 32 X, BBaXKarouu Y — CONSst

x=3-y

3-y 2 2 4 5
5 G B-y) y* y
= — — — 3_ 7
SX+yﬁX {2+yx}y2 > 32+y( y) T
T 4

Temnep 3HaAX0UMO TTOBTOPHUI 1HTETpaJT B/l oJiepKaHO1 (HYyHKIIIT

2

ANCEN 4 5 2 2 2
I[(Z%y)_y+3y3 _y _y]dy:;j(S—y)Zdy—12Iy4dy+3fy3dy—fy4dy—

12 .
vy =

2 612

Y
24

0

2 5

y

)

2 3

19112328@
6 2 5 5 3 |15

0

[IpencraButy AaHWW TMOABIMHWEN I1HTErpajd y BHUIJISAAI OJIHOTO TOBTOPHOTO
iHTerpana 3a ¢popmynoro (1.1) nemoxnuso, Tomy o didiss OBC (puc. 1.6), Ha sikiit
PO3TaIIOBYIOThCS TOYKH BHXOMy, Ha okpemux Bimpizkax (OB i BC) 3anmarorhbes
PI3HUMH PIBHSHHSIMHU.

B) 3HAWIEMO TOYKM TEPETUHY JiHIH, 1[0 OOMEXYyIOTh 3aJaHy o00JacTb

IHTETpyBaHHS:
y =% o [T ray, [(Ytx=35._ o
{y: = 0(0; 0); {x_l_y:g:)A(Z,Z), { y=02 :B(E,O).

BuxopucroByroun 3HalfeHI TOYKM TIEPETHHY 1 3aJaHi pIBHSHHSA JiHIH,

nmooymyemo obmacte D (puc. 1.7).

12



N

Puc. 1.7
[IpeacTaBumMoO MOABIMHUK IHTErpaji y BUIJIAAI IOBTOpHOTO 3a dopmyioro (1.2).

30BHIIIHI MEX1 IHTETPYBaHHS CTaJl.
, T
VY namomy Bumnagky Yy =01y = 2 (puc. 1.7).

Busnaunmo X,(y) i X,(y) B Takmii xe croci6 sk i B npukiai 6):

T

X =Y X :E_Y-
OTxe,
2 e
[[sin(x + y)dxdy = [dy [sin(x+ y)dx.
D 0 X=y

CrovaTtKy BUKOHAEMO BHYTPINTHE IHTETPYBAHHS 32 X, BBayKatouu Yy = CONSt
Y
X=>-y

2 T
[sin( x+ y)dx = —cos(x + y)‘:g_y = —[cosg - cosZyj = Cos2y.

x=y

13



Tenep iHTErpy€eMo, ojiepkany (QyHKIIIO 3a Y

T

1. 4 1, w . 1
cos2ydy =—sin 2 ==—(sin = —sin 0) =|—|
ydy =2 y0 2( 5 )

O |3

[IpencraButu AaHuii MOABIMHUN IHTErpall y BUIJIAL OAHOTO TOBTOPHOIO
iHTerpana 3a gopmysoro (1.1) ve moxuBo, Tomy 110 JiHiss OAB (puc. 1.7), Ha skiif
pPO3TalIOBYIOThCS TOUKM BuxXomy, Ha okpemux Biapizkax (OA 1 AB) 3agaetncs
PI3HUMHU PIBHSHHSIMHU.

3 a 0 a u a 1.4. 3MIHUTH TOPSAOK IHTETPYBaHHS B 3aJaHUX MOBTOPHUX

IHTerpanax:

a) [dx  [f(x,y)dy; 6) [dx[f(x,y)dy;

—J2x—x2 X

3 2y 1 y
B) [dy [ f(x,y)dx; 1) [dy][f(x, y)dx.

y
Tyt f (X, y) — IOBiIbHA (DYHKITIS.

P o3¢ a3 amnmna:a)cnoyaTky 3a TPAaHUISMU IHTETPYBaHHS BU3HAYAEMO

oOnacth iHTerpyBants D . [Ipunyckaroun X piBHUM MeKaM IHTETpyBaHHS 13 3MIHHOIO

X, a Yy pIBHUM MeXaM IHTErpyBaHHA 13 3MIHHOIO Y, OJEP>KUMO PIBHSAHHS JIHIH, 110

06MEXYIOTH 1i0 061acTs: X=0, X=1, y=—2Xx—-X*, y=1.
3HaiiIeMO TOYKH MEePETUHY KX JiHI{, a TOTIM nmodyayemo ix (puc. 1.8):

y =—2x—x* —komo y? +(x—1) =1, nentp C(,0), R=1.

2 _ 2 2 _ 2
{y +o(x D*=1 4 0(0;0); {3’ +1(x D*=1L 5 401;1), B(1;-1).
X = X =

[HmIMMHU croBaMH B yMOBI @) MM MAa€eMO TOBTOPHUN IHTErpall 3amuCcaHuil 3
BukopuctanusMm ¢opmynu (1.1). Temep Oyaemo iHTErpyBaTH B IHIIOMY MOPSIKY,

TOOTO 3MIHUMO TIOPSAJIOK IHTETPYBAHHS — CIIOYATKY 32 X, MOTIM 32 Y .

Crmpoekryemo obnacte D Ha Bick OY, y pe3ynbrati omep:kumo Binpizok [-1;1].

JIiBoto Merxero obacti Ha Biapi3Ky [-1;0], € gyra koma x =1+./1—y* , IpaBorO — MpsiMa

X =1. JliBoro mexero obmacti Ha Biapi3ky [0;1], € mpama X =0, mpaBoto mpsima X =1.

14



JLY

y=1 A

3MiHa NOPSAIKY

I)=J)r+l)z

0.5+

-0.5
NOPATOK IHTerPYBAHHS

nicas 3MiHl

B

—

¥+ (x-1)72 =1

-1

NOPAJOK IHTEIPYBAHHA 32 YMOBOK

Puc. 1.8
Orxe, obnacte D Bapro po30uTH Ha aB1 migobsacti D, 1 D,, a iHTerpai Ha cymy

1HTErpaTIiB
1 1 0 1 1 1
fdx [f(x,y)dy=[dy [f(x,y)dx+]dy[f(x,y)dx.
0 _Jox—x? -1 1+W 0 0

g

v

R . nonioobnacmi D
nonioobnacmi Dy 2

Tyt Buxkopucrtana hopmyna (1.2) 115 Ko)KHOTO T0AaHKA B MpaBiid YaCTHHI.
0) 3a 3a7aHUM TOBTOPHHMM IHTErPajiOM 3HAXOJWMO PIBHAHHS JIiHIN, 10

00OMeXyI0Th 00J1acTh iHTerpyBanus D :

X=-2, Xx=2, y=x°, y=4.

3HaX0AMMO TOYKH MEPETHUHY:

— 42 — 42
{y—x "= A(2;4); {y—x = B(-2;4).
x=2 x=-2

15



%
2

L 4

oy |

Puc. 1.9

[ToOyayBaBim 1i jiHii (puc. 1.9), ogepxxkumo napadoniunuii cermeHT OAB .

[HTErpyeEMO B iHIIOMY TMOpSAOKY — CIOYaTKy 3a X, MOTIM 3a Y. Mexi
BHYTPIIIHBOTO 1HTETpaia 3HaX0JIUMO, PO3B’A3YIOUH BITHOCHO X PIBHSHHS mapaboiu
X:—\/y 1 Xz\N . Mexi 3oBHimHBOrO iHTErpanmy Yy=0 i y=4 3HaxX0quMO SK
HaliMeHIIe 1 HalO1IbpIIe 3HaUYeHHs Y 1o Bciit obmacti OAB .

Otxe,

2 4 4 Wy
[ox [ £(x,y)y=[dy [ f(x, y)dx.
-2 X2 0 _W

B) TYT 00JIaCTh IHTETPyBaHHSA OOMEKEHA MPIMUMHU:

y=1 y=3, x=0, x=2y.

ToukH nepeTuny:

g =% 5 B ), {i ~ Y5 (6:3).

16



Puc. 1.10

Ha puc. 1.10 obnacte D mpencrasmisie coboro Tpanerito ABCE .

[Tpu inTerpyBanHi 3a gomnomororw ¢opmynu (1.1), cmoyarky 3a Y, HEOOX1THO
po3outu obmacte ABCE mpsimoro BK , mapanensHOro oci Oy, Ha nBi 4acTHHH,

OCKUJIPKH HIKHSA JIHIS MexX1 o0iacti D ckimamaernscsd 3 aBox yactun AB 1 BC, mio
MaroTh Pi3Hi piBHAHHA Y =11 y= E Orxe, obnacts D giMThesd Ha AB1 IMigo0IacTi

D, i D,. lle o3Hauae, mo IHTerpal INpH 3MiHI HOPSAKY IHTErpyBaHHA Oyne

JOPIBHIOBATH CyMi JIBOX 1HTErpaJiB IO KOXKHIN 3 migo0aacTei
3

{dyzgyf (x,y)dx :dej f(x, y)dy+§dxf f(x,y)dy

. J/ —
v 2
nonioo6aacmi Dy N J
'

nonioobaacmi D,

r) TyT obnacth iHTerpyBaHHS D oOmexena mpsmumu Yy =0, y=1 X=Yy i

nyroo napadom X =Y’.

3Hal1IeMO TOYKH MEPEeTUHY:
2

X=Y
X =Y.

'= 0(0;0), Al1).

300pa3umo onepxkany obmacts (puc. 1.11).

17



0.6
Puc. 1.11

3MiHIOEMO TOpSIOK 1HTerpyBaHHs 3a ¢dopmynoro (1.1). Ilepmie iHTerpyBaHHS

3IIICHIOEMO 3a Y B MeXax Bifl Y = X (HIDKHS Mexka) 10 Y = /X (BEpXHS MeXa); IOTIM

iHTerpyeMo 3a X Big X=0 mo x=1

1

1 y Jx
jdyjzf(x,y)dx:j dx [ f(x,y)dy.

0

3aodaui 015 camocmiiunHozo PO036°A3VE6AHHA

1. OGUHCIUTH ABOKPATHI IHTErPAJIN

2 3 0y
a) Idxj(x2 + 2Xy)dy, BiAIOBiIb ; 0) J'dyj'(x + 2Yy)dx ; BiAMOBiIH ;
o 0 2 0

5 5-x 2 X 2
8) Idx I‘M’ + X+ ydy, BIiAIOBiAb % ;2) Idx I X—Z dy; BiamoBigs .
0 0 1 I y

18



2. O0YMCINTU TOJBIMHUIA 1HTErpas ”(X+ y)dxdy,_ne ob6macte D _— TpuKyTHHK,
D

00OMEXEHUI IIPIMUMHU:

a) X=0, y=0, x+y=3. Biamosins: @
a3
0) x=a, y=0, y=x. BiamoBiab: >

3. O0UMCANTH MONBIMHUHN 1HTETpa ﬂ (2x+3y+1)dxdy mo obaacri, sika oOMexeHa
D

tpukyTHHKOM 3 BepumHamu A (1;3), B(-1;-1), C(2;4). Binmnosins:

4. 3MIHUTH NOPAJIOK IHTETPYBAHHS B HACTYITHUX 1HTErpaiax:

@) [dy[ (X, y)dx, 6) [ dx [ f(xy)dy,
6 [dx jxf (x, y)dy, 2) [dy [ f(x,y)dx.

R

SBAHATTSA Ne 2. lloaBiiiHuil iHTerpaJj y nmoJsipHux KOOpAMHATaX
Jl1s1 po3B’si3yBaHHS 3a/1a4 10 JIaHii TeMi HeoOX1THO BKa3aTu JeKIIbKa BayKJIUBHX
dhopMyII 1 MpaBHIL.

[HOI TpU OOYMCIICHHI IMOABIMHOTO 1HTETpajia J.J. f (X, y)dxdy 3pyuno nepeitu
D

A0 IIOJEKIPHHUX KOOpAWHAT. HKHIO Impun nOboMy oonacmov D ¢ npasunvnow e uux

KoopOounamax, moomo maxkow, w0 KOMCEH NPOMIHb, W0 GUXO00UMb 3 NONIOCA
nepemunac Konmyp uiei odaacmi He 0inibwt Hidc y 060x moukax (puc. 2.1). Ilpu

UboMy, 00CUMb ROKIACMU X = P COS P,y = P SIN @Q | inme2pan nPpuiMace u2ia0:

|| rxvyaxay = [[ 1o cos 9. psin@)pdpde. 2.1)
D D
Axmo obmacte D oOMexeHa MPOMEHSIMH, IO YTBOPIOIOTH 3 MOJISPHOIO BICCHO

Kyt @ 1 B (a < B),ixpusumu p = p (@) 1 p = p,(¢p) (puc. 2.1), To BiANOBIAHI Li€l

obmacTi MOJIIPHI KOOPAUHATH 3MIHIOIOTHCS B MeKax
Dia<p<p; p@)<p<pp) }itoni
B p2(p)
|| reyaxay = [do | fwcosp.psingrpdp. @2

D a p1(e)
19



Puc. 2.1

HKHIO 001acTh D BKJIIO4ae ITIO4YaTOK KOOpAHWHAT, TO

2 ,(p)

” f (X, y)dxdy = Idgp j f (pcoso, psin @) pdp , ne p = p(@) — nonsapue piBHAHHS
0

D 0
KpHUBOIi, 1110 00Mexye obnacts D .

3 a 0 au a 2.]. OOYNCIUTH TIOBTOPHI 1HTErpaJid, BIHECEHI O TOJSAPHUX

KOOP/IMHAT:
% \/C052§03 % 3cos;02 .,
a)_fd(p jpdp; 6)Id(p Ip sin“gdp .
0 0 0

NN

VY KOXHIM 3 IIUX MPUKIAJIIB MepIie (BHYTPIIIHE) IHTETpyBaHHS BUKOHYETHCS 3a

P, BBAXKAIOYM @ = CONSt, a agpyre (30BHIIIHE) IHTETPyBaHHS BUKOHYETHCS 32 (0 .

Po36’s3amnnsa:a)crnodaTky MPOBOJUMO BHYTPIIIIHE IHTETPYBaHHS 32 O

c0s2¢ ; ,04 \C0s2¢ coSs2 2(0
[ pldp=— = -
) 4 4

20



Tenep 30BHIIIHE IHTETPYBAaHHS 32 (O

_141+cosde

cos’ 2¢
I dp =
43 2

4

Ot—— |y

do

1

1
8

r 1.
—+-=sinrx |=
84 4

0) BUKOHY€EMO J11i aHAJIOT14HI NPUKIIAY a):

= lsin4 )
4 »

1(+
8(0

0

3cosg

f

0

3cosgp 3 |3c0se

plsin? pdp=sin? ¢ I p2dp=sin? (p%
0

(sin? p=const)

0

T T

=9sin* pcos® @,

% 2 2
9 [sin? pcos® pdep =9 [sin? pcos? pcospde =9 [sin? p(1—sin ? p) cos pdg =
_% T T

2 2

sinp=t, npu (p:—z—>t:—l L

. R !
=9[(t2 —t)dt =9 — ——
fe - [3 sjl

cospdep =dt, npu gozg—)t:

{

2 2

3 5

|

36

E .

3aoaua?2?2 TlpencraBuTy NOABIMHUM 1HTETpAJ, 3aIaHUH Y MOJSAPHINA CUCTEMI

KOOpJUHAT ﬂ F(po,p)dode y Burnaai noBropHoro, skmo obiacte D oOmexeHa

D

nigismu p =R, p=2Rsin .

Po36 a3amnmnasn Jinia p=R aBaie cobor koo 3 nmeHrpoM y moiroci O i

pamiycom R; p = 2Rsin ¢ —koio Toro x paziyca 3 IEHTPOM Yy TOYIII C( 5 Rj.

7[1
o

Heo0xigHo BU3HAYWTH, MiJ SKAM KyTOM IEPETHHAIOTHCS JaH1 Koja, JJIS YO0ro

PO3B’SI3YEMO CUCTEMY PIBHSHB:

{p= 2R sin ¢,
p =R.

[To6ynyemo obmacte D (puc. 2.2).

= R =2Rsing = 1=2sing; sing =-= ¢, =

T

6’

51

6

P = —.

21



O

@)p.

o)dpde = Td(pZR]jné (o
i R

IDIF(p,

BIMHUI 1HTETrpaj :
gpsm ¢dpd¢, AKIIO




Po3e6’a3amnmnsa:a)nodynyeMo KoJO p =a 1 IpOMEHI, 0 YTBOPIOIOTH 3

. T .
MOJIAPHOIO BICCIO KYTH () = 2 1 @ = . Onepxxumo kpyrosuit cektop OAB 3 nienTpom

y moimoci O (puc. 2.3).

77,
/ // ///
/// //// // /

% H ///////// //;/

700

/ /
//////// %

/ 4/////
/////5//,// 7 ///
//// 7 ////// 7
/4
/ 7 /,/

N
N
N
N\
\

000

Puc. 2.3

Marumemo

[ psin gdpde = [sin gdo pdp.

O06uKcIUMO BHYTPILIHIN IHTErpaj

h P g
{pdp_z 2

3 ypaxyBaHHSM OJEP)KaHOTO CITIBBIIHOIICHHS JUIS 30BHIIIHBOTO 1HTETpaa,

OyzemMo MaTH

a’z . al x a’ ) |a
= [sin =~ (-cosp)s =——| cosz —cos= |=|—|
2 I pp="-(-cosp)r =—— 2

2
0) moOyayemo obmacte D. JliHis p=2aC0S¢ € koo 3 paagiycom R=a i

[IEHTPOM Y TOYUIII C(a;O) (puc. 2.4).

23



p = 2acos@

Puc. 2.4
2asing

% 2acosg 2acos¢g 2
[do ISln ppdp = ISIn pdg Ipdp I ( j sin ¢ [dg =
0

0

t=cosep, npu p=0—->1t=1

2
=2a’[cos? psin = . s =
! PN A2 =4t = _sin g, npu p=">1=0

(2,
—2a? jt dt = 2a? jt dt =2a —|1=a?|
3

0

3 a0 aua 24 llepeTBOPUTH N0 TMOJSAPHUX KOOPAMHAT 1 MOTIM OOYHMCIUTH

dxd : .
MOBIMHUHN 1HTErpal _[j y , 1e obmacte D — Kpyrome Kijblle, YKJIaJIEHE MiX
D 4/ X2 + y

komamu X> + Yy =11 Xx*+y*> =4,

P o 36" a3 amnna Kopuctaiouuch BiIOMUMH TIEPETBOPEHHSIMH, 3aMUAIIEMO

PIBHSIHHS KiJ1 Y TIOJIIPHUX KOOPJMHATAX:
p>cos’ o+ p’sin“p=4=p° =4, p=2;
pcos’ g+ p’sin‘p=1=p=1.

Buxonaemo mobymoBy 3aganoi oomacti D (puc. 2.5).

24



o

-

3 a0 awualb. IlepeTBOpUTH IO TOJSIPHUX KOOPAMHAT MOJBIHHUM 1HTETpas

H f(x,y)dxdy, me ob6macth D € KBagpaToM 3 BEpIIMHAMH Y TOYKAX O(O;O)
D

A(L0), B(11), c(07).

Po3e’a3amnmnsa Cnouarky Oymyemo obmacte D (puc. 2.6).

[lepeTBOpUMO PIBHAHHS MPSIMUX, 110 OOMEXYIOTh 00acTh D, 3 AekapToBHX 110

MOJISIPHUX KOOPJIUHAT:

1 1
X=1= p= , X=0=p=0, y=1l=p=——, y=0= p=0.
COoS @ sin @

. : a
[lonsipauit kyt ¢ 3MiHIOeTbes Big 0 110 PE tomy 1o kBaapar OABC

3HAXOJUTHLCS B TIEPIITIA YBEPTI.
25



Puc. 2.6

Vs 1

ITpu 3mini kyta @ Big 0 10 7 TOJISIPHUM pajiyc o 3MiHIOEThCS Bin 0 10

cosg

. . T T . . . . 1
IIpu 3MiH1 KyTa @ BIX Z 0 E, HNOJISIPHUI paalyc o 3MiHIO€eTbes Bim —— 10 0.
sin @

OTXe B MOJSIPHUX KOOpAMHATAX JaHUM MOJBIMHUN 1HTErpai Oyje BUTISAIATH TaKUM
YUHOM

] f(x, y)dxdy=IDI f(pcose, psin ¢)pdedp =

D
1

cos ¢

dp [ f(pcose, psing)pdp +
0

dp [ f(pcose, psing)pdp.

Oty
N R LRI
O

2,
Sk
S
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3aoaui 013 camMOCmMIUHO20 PO36 °A3VE6AHHSA

1. OOuucnuTH NOABIWHUN IHTErpas ” p*dpde, axmo obmacte D obmexena:
D

14
a) KomamMu p=a, p =2a; BiAmnosigs EﬂaS;

6) mepUIMM 3aBUTKOM CITIpajii 0 = a¢ 1 NOJSPHOIO BICCIO; BIAMOBIIb 3 rrat

8) KpHBOIO © = asin 2¢ ; BiANOBIIb @

2.  OOYMCANTH NOJBIHHUH IHTErpaJ ﬂ p° sin pdpde, mo obmacti D, sxa o6MesxeHa
D
Kapaioinow o =a(l+ cos¢) i HONAPHOK BiCCHO AKWIO:

4 4
a) 0< @ <27 ; BiANoOBigb ga?’; 0) # <@ <27 ; BIANOBIAL —gas.

3. TlepeTBOpUTH O DOJSIPHUX KOOPAUHAT 1 O0OUMCIUTHA NOABIWHI IHTETDAJIH:

) Ijxyzdxdy, AKIO obnacth D oOMexkeHa KomaMu X’ +(y—1)2 =11
D

X% + y2 =4y ; BiINOBIAL @;
2 2 . .
0) J.J‘efx " dxdy, sxmo o6macte D— komo X° +Yy* <a®; Bimmosins
D

ﬂh—eﬂzx
2
8) ”‘w/l— x% — y 2 dxdy, sixmo o6macte D— komo X2 + y2 =1; BingnoBingb 572'.
D

BAHATTSA Ne 3. O0uuc/ieHHS MJOIII 32 JOMOMOIOK NOABIiHHOIO
iHTerpaJaa
ITnowa S nnockoi obnacmi D oopisnioe noodgitinomy inmezpany 6io ds,

PO3n06ct00rcenomy Ha ovaracmo D

S = ﬂ ds. (3.1)
D

VYV mnpsamokytaux koopauHarax dS=dxdy i ¢opmyna (3.1) mis obOumciaeHHS
IO TUIOCKOT (pirypu 3100yBa€e BUTIIA

S = ﬂ dxdy. (3.2)
D

V nonspaux koopaunarax ds = pdpde i Toxi

S = ﬂ pdpde. (3.3)
D

27



3 a0 awua3.l. O6urcIUTH MWIONLY MIOCKOI 00nacTi D, oOMexeHoi TiHIsIMU:

a) y=2, y=x° —1;

6) x> +y? =4, x+y=2, y=1, (x>0, y=1);
B) y=2",y=2"" y=4;
r) p=acose, p=bcosp, b>a>0, (a,b=const);

n) (x? +y?)* =2a?xy, (a=const).

Po36’a3amnnsa:a) BA3BHAYUMOCS 3 JIHISAMU, I[0 0OMEXYIOTh 00nacth D':
y = 2— npsiMa, sika mapanensha oci OX, Y =X° —1— napa6oia 3 BEpIIMHOIO B TOYII
A(O;—l), BICCIO CUMETPIi 5IKOi € kKoopauHaTHA Bick OY , 1 TJIKK cripsiMOBaHi Bropy.
Bbynayemo obnacte D 1mo Toukax nmepeTuHy AaHuX JdiHiH (puc. 3.1)
2
=X -1,
y e B(-+3;2), c(v3;2).
y=2¢,

251y

A

Puc. 3.1

Obnacts D mosxHa cripoekTyBaTH i Ha Bich OX, 1 Ha Bick OY ; cripoekTyemMo ii
cnoyatrky Ha Bich Oy. OOmacte D cumerpuuna momo oci Oy, ToMy IOCHTBH

o0UYMCIHUTH IOy TpaBoi (J1iBo1) moaoBuHU obnacti D 1 pe3ynbrat moaBoiTH.

28



[IpaBa monoBuna obmacti D mpoekTyeThest Ha Bick Oy y Biapi3ok [— 1;2] 1 Mae

niBoro Mexero mpsamy X=0, a mpaBolo — Y=X°—1 abo minito X=,/y+1.
Cxopuctasuiuch Gpopmynamu (1.2) 1 (3.2), onep:kumo

312

7 3
gzﬂdxdyzfdy jdx:iq/y+1dy=w =2+/3 x6. 00.
-1 0 -1

D
-1

S =4+/3 xs.00.

Tenep cnpoextyemo obnacte D Ha Bich OX .

Maemo mexi1 iHTerpyBanHs 1moa0 oct OX: [—\/g; \/1_3], BEPXHS MeXa — IpsiMa

y = 2, HIKHS Mexa — napabona Y = X> —1. Bukopucrosyioun dopmymu (1.1) i (3.2),

OZIEPIKHMO
G N AR
S=|[dxdy= [dx [dy= | (3—x2)dx:£3x——j = 6+/3—-2+/3 =|4+/3 ks.00.
D Vi a3 3) 5

Pe3ynbTaTl TOTOXHI.

3BIACU 8UCHOBOK: 3HAUeHHs NOOBIUHO20 IHMe2pana He 3anedcums 6i0 NOPAOKY

(wnsxy) inmeepysamms.

0) nana obmacte D, mo oOmexeHa KOJOM X% + y2 =4 3 pamiycom R=2 i
IICHTPOM Y TOMYIIi O(O;O) Ta npsMumMu X+ Yy =2, y=1,

3HaiIeMO TOYKH MEPETUHY OOMEKYIOUNX JIHIN:

{Xxiizz;‘l’:A(O;Z), E(2;0); {X J;il;:4’:>8(\/§;1), D(—\/§;1);

= C(L1).

X+Yy=2,
y=1

[To6ynyemo obmacte D (puc. 3.2).

Obnacte D mpoektyerbest Ha Bick OY y Bimpi3zok [1;2] 1 Ma€ JIBOIO MEXEI0

npaMy X=2—Y, a NpaBol0 — AYTy Koma X=+/4—Yy? . Jlad BU3HAYEHHS ILIONI
obnacti D ckopucraemocs popmynamu (1.2), (3.2).

Obnacte D mnpoektyerbest Ha Bick OY y Bimpi3ok [1;2] 1 Ma€ JIBOIO MEXEI0

npsAMy X =2 — Y, a IpaBoOIo — AyTy Koma X =+/4—y? .

29



-2.5

-2.5

Puc. 3.2

Jlns Bu3HadyeHHs ol odnacti D ckopucraemocs ¢opmynamu (1.2), (3.2):
v 2 2

zfydx=f(x/4—y2 2+ y )y

1

S :dedy:Tdy
D 1

2

2 2 2 ) y2
=[J4—-y*dy—2[dy+[ydy=1-2y| +=| B
1 1 1 1
|
y=2sint y=lot=2| 7 .
B » PH Y= “6l 2 21+ cos 2t
| = ?T:j«/4—4sin2t(2005t)dt:4j ’ ,dt=
dy =2costdt, npu y:2—>E : 2

NN

_27z J3

= 2 .
3 2

2

O =N

in 2t
(1+cos2t)dt = Z(t Ml j

ol N

30



4 —33-3
— K8. 00.

— ———— — = K6. 00. |S
3 2 2 6

B) NOOyAy€eEMO JiHi1, 1110 00MeXyI0Th 00s1acTh D 1 3Hai1eMO X TOUKU EPETUHY
(puc. 3.3):

Cox ax __n-2x
{y_Z;::Amnx{y‘z’:>m2mX{y_2 '=C(-14).
y=2""; y=4 y=4

Maemo kpuomiHiianid TpukyTHHK ABC . O6nacte D mpoekTyeThes Ha Bich Oy
y BIAPI30K [1;4] i Mae miBoro Mexero Y =27 a6o miniio Xz—Elog , Y, IIPaBOIO

Mekero — Yy=2" abo umiHito X=10g, Y. CKOPHUCTaBIIKCh BIACTHBOCTIMH

i N Iny . Iny
Jjorapmu MIB, OACPKUMO =—— U = -
P P 20 2 n 2

< .

Puc. 3.3
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Bianosiguo no popmynu (3.2) Oynemo Matu

Iny _ —
4 In2 (my InyJ Iny=u, dv=dy

- = d =
5=[Jaxay=dy .{?X 2" 2n2 =21 2J'nydy ;=du, v=y

“2In2

3 3
nyl‘ - [d 41 4—3)~5,507 Ke. 00.
" 2h z(yny‘ ij 2N 4-3) k6. 00

JIns mepeBipKd OJEP’KAHOTO pe3yibTarty ckopuctaemocs dopmynow (1.1).
OueBunHO, 110 HE0OXimHO po306uTn obmacte ABC Ha nBi mimo6macti AEC 1 ABE

(puc. 3.3), yHacni 0K 4OTro IJIoma S JOPIBHIOE CyMi IBOX MOABIMHUX 1HTETPAIiB:

S= ﬂdxdy [[dxdy+ [[dxdy= jdx jdy+jdxjdy—

AEC ABE -1 p-2x X

0 2

0 2 12
:jl(4—2‘“)dx+£(4—2X )dx:4x\(j1 tory

X

9
=12 -—~5,507 k6. 00.

2
‘ 2 In 4

X
0 In2

Pe3ynbTaTl TOTOXHI.
Ipumimxa: 1o modsxcnusocmi HeoOXioHo subUpamu mou NOPSOOK iHmMe2pPy8anHs,
Wo 00360J15€ He po3dbusamu odbracme D na yacmunu.

I') BU3HAUYUMOCS 3 JIHIAMH, 10 00MEXyTh obysacte D:p=acos¢p — komo 3

a a b
pamiycom R = > 1 IEHTPOM Yy TOMIII C[E ,Oj; o =bcose — koo 3 pagiycom R = > i

IIEHTPOM y TOYIII A(E,Oj. [To6ynyemo obmacte D BpaxoByroum, mo oOuaBa Koja

CUMETPHYHI 1100 TIOJISIPHOT OCi 1, IT0 BEPXHS MOJIOBUHA KOXKHOTO 3 HUX BUXOJIUTh MPU

V4
3miHi kyTa Big ¢ =0 o ¢ = 2 (puc. 3.4).
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Puc. 3.4
3naxoaumo 1oy S obnacti D 3a popmynamu (2.2), (3.3):

T T

S = [[ pdpdg =2 [] pdpdp=2[dg | pdp=2 “%}

ABO acosg

bcose

acose
T
2

b? —a?

2

b* —a? 1
(1+cos2¢)dp = ((p+§sin 2goj

o— Ny

:(b2 —-a’ )fcos2 pdo =
0

0

V4 V4
=—(b2—a2)7<6.ed S=—(b2—a2)l<8.00.
4 4

1) twionry ¢irypu, mo oOMeKeHa aHOK 3aMKHYTOI KPHUBOKO (JIEMHICKATOIO

bepnymmi), mnpocTimne OOYUCIUTH, TMEPEUIIOBIIM 1O TMOJSPHUX KOOPJWHAT.
IMoks1agarouu B JaHOMY PiBHSIHHI KpUBOI X = pCOS@ 1 Y = pSiN ¢, 0f1epKUMO:
. 2 . .
(,02 cos’ ¢+ p” sin? (0) =2a’p®cospsin p= p°> =a’sin 2¢.
Ile 1 € momsipue piBHSAHHSA maHoi KpuBoi. [lobyayemo obmacte D y momsspHux

KoopauHarax (puc. 3.5).
33



(x2 + y?)? = 2a’xy

p? = a’sin2¢@

Puc. 3.5

[TomiTuMmo, 1110 AaHa KpYUBa CUMETpUYHA 111010 noatoca O 1mpu 3MiHI KyTa @ Bif

0 a0 E 6y115—$11<a ITIOTOYHA TOYKa ((0, p) OIIUIIC ITOJIOBUHY KpPIBOi, sgKa po3TallroBaHa

BuIIe NossipHOi oci. Ckopucrapmuck hopmymnamu (2.2), (3.2), Oynemo mMatu:

7 aJsnze 2
S=[[pdpdp=2[dp [pdp=a’]

a
§n2¢d¢:>~2?c032¢ =

NN

2

0

3aoaui 01 camMocmiluHoO20 PO36°A3VEAHHS

a’ x6.00.

1. OO6GuucautH wiomry dhirypy, ska 0OMeXeHa JIHIIMU:

a) 3x? =25y, 5y2 =9x; BiI[l'IOBiI[b;

2X

6) y=e*, y=e", x=1;

) X+y=1 x+3y=1 X=Yy, X=2Y; BiANOBi b 2—OK6.06.;

BIJITOB1Ib

(e-1)°

KB.00.|:

=

2) p=4sin @, p=2sin ¢; Binnosins [37 k6.00.;

e) p =asin 3¢ ; BignoBiaL

728.2

—— K8.00.
4
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2.  OOuucautu mwionry dirypu, ska oOMexeHa JIHIIMHU, IEPEXOISIUYN 0 NOJSIPHOIL

CHUCTEMHU KOOPAHWHAT:

2

a) (X—a)2 +y?=a’, x* +(y—a)2 =a?; BiamoBiab az[%—ljm.od;

3a’r

6) x> +y* —2ax=0, x> +y°* —ax=0; Bianosigs K8.00. |,

5
8) (X2 +y? )2 =2y?®; BignoBigms %KB.O@.

JAHATTSHA Ne 4. OOuyuciaeHHs 00’emy TiJd 3a JA0NOMOIomN
NoABIMHOrO iHTErpaJa

00°em  6epmuKaibHO20 UUNTHOPUUHO20 MIlA, WO MAE CBOEKW OCHOBOI)
oonacmv D na naowuni OXy @t 00MedxHceH020 36epXy  NOBEPXHEIO

z = f(x,y) (puc. 4.1) suparxcacmocs noOGIHUM IHMEZPATOM

V= ﬂ zdxdy = U f(x,y)dxdy. (4.1)
D D

OOGuucnenHss 00’eMiB T OUIBIN CKJIAIHOI (GOPMHU 3BOAUTHCSA 10 OOYUCIICHHS
anreOpaiuHoi cyMH 00’€MiB JEKUIBKOX BEPTHKAJbHUX IWIIHAPUYHUX TiT (3

yYTBOPIOIOUMMH, napaieasaumu oci Oz).
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3ao0auad.l. OGuncouT 06’ €M TiJ, IO OOMEKEHI MOBEPXHIMHU:
a)z=4x24+2y*+1, x+y=3,x=0,y=0, z=0;

O)y=x%y=1,x+y+z=4, z=0;
B)z=vy2—x%2=0, y=+2.

2 2 . v .
Po3e6’a3amnmnsa:a)noBepxud Z=4X" +2y° +1 e enintuyauii napabooin,

Bich cuMmeTpii sikoro € Bick Oz. BoHa mepeTHHAE 110 Bich y TOYIli 3 KOOpJAUHATAMU
(0;0;1). Hosepxus X + Yy =3 — miomuna, napaneasua oci Oz . Piusuas X =0, 2=0

OMUCYIOTh KOOPJWHATHI IoNuHU (puc. 4.2a).

Puc. 4.2a

Ha mmomuui OXY 1me TIIO MPOSKTYEThCS B TPUKYTHHUK, OOMEKCHHU
KOOpAMHATHUMH ocaMu 1 mpsmoro X+ Y—-3=0 (puc. 4.20). OOG’em Tina

oOumncioeTses 3a Gopmyrow (4.1). Obnacts iHTerpyBanHs D € TpukyTHUK, a Z
3aMIHSIEMO WOTO 3HAYEHHSM 13 PIBHAHHS Ti€l MMOBEPXHI, IO OOMEXY€E 3BEpPXy TLIO. 3

ypaxyBaHHsM (1.2), ogepxumo
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D 0

3 3y 31 (4
V=] (4x2 +2y? +1)dxdy:jdy j(4x2 +2y? +1)dx:j (§x3 +2y2x+xJ
0 0

3-y
dy =
0

4 4
L’(S—y)3 +2y° (3—y)+3—y]dy:j[36—36y+12y2 —gy3 +6y% -2y° +3—y}dy:

O ey W

3
0
3

3 10 37 10
—[139-37v+18v2 ———v3 |dv=/39v—-""v2 16y ——y4 | =
ﬂ y+18y 3y}y{ y==y* +6y 12y}

0

37 5
:39-3—?-9+6-27—€-81:451<y6.00.

g 51Y

3N
254

2.

x+y=3
1.54 /
% /

h o % '
0.5
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Puc. 4.26
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BukoHaemMo mnepeBipKy 3HaIEHOrO pe3yibTaTy, s LBOTO CKOPHUCTAEMOCSH

dbopmyroro (1.1)

3-x

3 3-x 3 2
V= ﬂ(4x2 +2y? +1)dxdy=jdx j(4x2 +2y? +1)dy = (4x2y+§ vy + yj
D 0 0

0 0

3 3

~ j[4x2 (3—x)+§(3—x)3 +3—x}dx :I{12x2 —4x° +18-18x+6x’ —gxs +3-X

0 0

3

3 14 14 19
=J' 18x2 ——x® +21-19x |dx=| 6X° — —x* +21x — — x2
! 3 12 2

0

7 19
=627 81+21:3-"-9=[45K0.00.

dx

dx =

PesynpTaT TOTOXHI, BUXOAWUTH, JUII BU3HAUYEHHS O00’€¢My TLIa MOXKHA
b b

BUKOPUCTOBYBATH OY/Ib-SIKHI MOPSAOK IHTETpyBaHHSI.

0) naHe TiO fABIAE COOOK BEPTUKAIBHUM LWIIHAP, 110 3BEPXY OOMEKEHUU

YaCTUHOIO TUIOIUHU Z = 4—x-— Y, a 3HU3Y — YaCTUHOIO ILUIOIWHU Oxy, YKJ'Ia,I[eHO.l.

Mik mapaGomnoro Y =X> i npamoro Y =1 (puc. 4.3).

Puc. 4.3
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BuxopucroBytoun ¢popmynu (4.1) ta (1.2), 06’eM Tina 1OpiBHIOE:

Jy x 2 Jy
V= jjzdxdy [[(4—x—y)dxdy= jdyj4 X—y)dx = j[(4—y)x——J dy =
OAB oy 0 2 5
1 y/ ! 5/2 !
=2[(4-y)ydy= 8jfdy 2_[y2dy 8L
: Z3F /z :
1
[ _4 9| 16 4 [68
A - A 5|15 %

Sk mepeBipky, iHTerpyBaHHsS 3a ¢opmyioro (1.1) mponmoHyeThcsi BUKOHATH

CaMOCTIIHO.
B) rinepGoniunnii mapaGonoin Z=Y?* — X* neperunae miommny OXy (z=0) 1o
aBox mpsamux Y ==xX. Pasom i3 mrommuHamMuZ =0, Y=+2 BiH 0OMeXye TiJoO,

cumetpuune o0 o OXxz ta Oyz (puc. 4.4a).

Puc. 4.4a
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Puc. 4.46

Bignosimno mo ¢opmyn (4.1), (1.2) o0G’em wyeTBepTOi YACTUHU Tijia, IO

po3TalioBaHa B MepiuioMy OKTaHTi (puc. 4.40), TOPIBHIOE:

1 2y 2 X3 y
2V = [[zdxdy =[] (y* —x* Jaxdy=Jay [ (y* —x* )x= | (yzx‘_J dy =
4 D D 0 0 0 3 0

e Y gy YY) 8 v o2

—g(y 3 de—[ 1 D =4 3—319/6.0(). =3 KY0. 00.

Jlnst mepeBipku, iHTErpyBaHHS 3a (Gopmyior (1.1) mpomoHyeThCS BUKOHATH
CaMOCTIIHO.

3aoauad.2. Obunucaut 00’€M TiJ, 0 0OMEKEHI TOBEPXHIMHU:

a) z=4-x>—-y?, z=0;
6) z=4-—X>—y?, 22=2+X"> +Yy°.

P o 36’ a3 amnmnsa: a)y JaHOMy BHMNAAKYy MaeMo mapaboioim oOepTaHHS

Z=4-X?—y?, 1m0 Mae BEpIIMHY B TOYIi 3 KOOPAHHATAMH (0;0;4), BiH

poeKTyeThes Ha miomuny OXY (2 =0 ) B kono X° +Yy* =4 (puc. 4.5).
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Puc. 4.5

I[J'Iﬂ BU3HAYCHH O6’€My ,Z[OI_IiJ'IBHO CKOpUCTATUCA TIOJIAPHOKO CUCTCMOLIO
KOOpAHHAT.

3acrocyBasiu ¢popmynu (2.1). (2.2), onepxxumo
% =H(4— x? — y)dxdyzzj”dgoi@—,o2 cos’ ¢ — p? sin ? (p)pdp.
D 0 0

BukoHaemo criodatky BHYTpIIIHE IHTETPYBaHHS 32 O

1[4—,02(0032 @ +sin ? (/’)]pdpzf(4,0—,03)dp=(2p2 _pTJ

Tenep iHTErpYy€EMO OJepKaHU PE3YIBTAT IO (@

2z
4 Id(ﬂ=4(ﬁ‘§” =87 Ky6. 00.
0

0) mane TiIO0 0OMexeHo nmapabosoinamu ooepranas. Moro 06’eM MoXKHA 3HAWTH,
SK PI3HMINI0 00’€MIB JBOX BEPTUKAIHHUX IWIIHAPWUYHHUX T, IO MAlOTh 3arajibHy

HWKHIO ocHOBY D Ha mmomuui OXY, a 3BepXy 0OMeXeHi JaHUMHU TIOBEPXHIMH (PHC.

4.6).

41



Puc. 4.6

Jlinis L nepeTrHy HaHUX MOBEPXOHb BU3ZHAYAETHCA CUCTEMOIO 3 iX PIBHSAHbD:

{z=4—x2 —y?,

2y 2y ) =>8-2x* -2y? =2+x* +y’ =>x* +y? =2.
2=2+X>+y

)
OpepxkaHo PIBHSHHSA BEPTUKAIBHOI HUIIHIPUYHOT MOBEPXHI, MO0 MPOXOIUTH

yepe3 JiHio L 1 npoektye ii Ha omuny OXY. OaHOYacHO, ofepikaHe piBHIHHS Oy 1e

1 piBHSHHAM npoekuii Jinii L Ha miomuny OXYy — kono L, mo odmexye obracte D
V=V, -V, =H(4— x? —y? )dxdy—”%(2+ X2 +y? )dxdyzgﬂ(Z— x2 —y? )dxdy.
D D D

[Ilo6 cmpocTuTH OOYHMCICHHS IHTETpana, MEPEeTBOPUMO HOTO J0 MOJISPHHUX

koopauHar. [Tokiasmy, mo X = pCoS¢@, Y = psin ¢, dxdy = pdpde, a piBHsaas niHii
L: x> +y?=2=p=2 (0<p<27), onepxumo

2r V2
V=_ll(2-p* Jeipdo= [40 [ (20 p* Jap =

‘/E 2z
d —BZfd 3, _Brmdoo
p=3 [dp=39| o0

0 0
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3adaui 013 camMoOCmMIUHO20 PO36 A3VE6AHHS

O0uncauT 00’ €M TiIa, IKE OOMEKEHE IMTOBEPXHIAMMU:

a) wimingpom X2 +y? =a’ i mrommuamu X+ Y +2=2a, 2=0; Bigmosias |27@° ky6.00.;

6) maommHaMu X+ Y+2=2, 3X+y=2, 3x+2y=4, y=0, z=0; Bianosiab 519/6.0&.'

8) X 2 +y2 =9, z=5%, z=0; Bignosins (90 k6. 00. |,

2) z=x%,27=0, y=0, X+ y=2; Bianosiap gkyﬁod;

/4

2 z=0; Bignosigs 7 KY0. 00.

0) X? +y> =2y, 2=4-X° -y

BAHSATTSA Ne 5. KpuBoJiniiiHi iHTerpaJjam, ix o04ucjJeHHs

Kpuegoniniiini inmezpanu nepuio2o pooy (no 008x#cuni oy2u) He 3anexcams 6io

HANPAMKY WAAXY THmMe2Py8anus, i npu iXHbOMY O0OUUCIEHHI BUKOPUCHOBYEMbCA
00Ha 3 HACMYRHUX opmyn:

1) sixmro kpuBa 3amana piBHsHHIM Y = @(x), (a < x < b) 10

dl =1+ [p'(0)]2dx,

b
[ ranat = | (x00)/T+ oGl 5.1)
L a

2) SKIIO KpHMBa 3ajlaHa B IapaMETPHUYHOMY BHIJISIAI PiBHSHHAMH X = @(t),

y=9y@),(a<t<p), 10

dl = /[ (O] + [ (D)]2dt,

B
j FM)dl = f FIp©, 0O W OF + [0 ©OFdt; (5.2)
L a

3) SKm0 KpWBa 3aJaHa B IOJMIPHUX KOOpAWHATaX pIiBHIHHAM p = p(¢@)
(91 < @ < @3), 10

dl =+/p?+ (p)?dy;

()
f FM)dl = j f(pcos ¢, psino)Wp? + (7)2dg. (53)
L P1
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Kpueoniniiini inmezpanu 0pyz020 _pody (no Koopounami) 3anexcamsv 6i0

8UDOPY HANPAMKY 00X00Y KPUBOI: AKWLO 3IMIHUMU HANPAMOK 00X00y, Mo iHmezpa
no koopounamax 3minre 3nax. Ilpu ixnoomy od0uuUCIeHHI BUKOPUCMOBYEMBCA 00HA
3 HACMYRHUX popmy.:

1)  sKuIo KpWBa 3a1aHa piBHAHHAM V = @ (X), i IpH MEepeMIlIeHH] 3 TT0YaTKOBOT

TOYKH B KiHIICBY, KOOpJAMHATA X MIHS€THCA Big a a0 b, To

b
jP(x, y)dx + Q(x,y)dy = f[P(x,co(X)) +Q(x, (X)) (M) ]dx; (5.4
L a

2) AKIIO KpHMBAa 3a/laHa B MAPAMETPUYHOMY BUIJISAI piBHSHHAMU X = @(t),
y=¢),(a<t<pB), 10

B
j P(x,y)dx + Q(x,y)dy = f [P(0(©),p(®)e'®) + Q(e®), (@)Y (©)]dt. (5.5)
L a

VY BUMNaAKy 3aMKHYTOI KPUBOI 3a3BUYail OEpyTh 3a IOAATHUIM HAIPSIMOK 00XOIY
kpuBoi L Take, mo0 o0sacTh, MO0 OOMEKEHA II€I0 KPUBOIK, 3aBXKIAW 3aJIMINAJIACS
JBOPYHY.

Kpueoninitinuii inmezpan 3a 3aMKHeHUM KOHHYDOM RO3ZHAYUAIOMb

jf(M)dl abo jéde + Qdy.

L

3a0auab.]. O0YMCIUTH KPUBOIIHIHHMI IHTETpaT J.(4%/§ - 3\/V )dl BiJl TOUKH

L

A(-1;0) xo Touxn B(0;1):
a) o mpsimii AB;
6) o mys3i actpoimu X =cos®t, y=sin’t.

Po3e6¢’sa3amnmnsa:a) OCKUIBKE MU MAEMO KPUBOJIIHIMHUIN 1HTETpaJl TIEPIIOTO

polly, TO CIOYaTKy CKJIaJa€MO PIBHSHHS JiHIi iHTerpyBaHHsa — mpsimoi AB, sk

PIBHSHHSI IPSIMOI, IO TTPOXOIUTH Yepe3 JBi 3aaH] TOUKU:

X=X, Y=Y, :>x+1_y—0

= y-x=1.

Xg =Xao Yg —VYa 0+1 1-0
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BuxopucroBytoun ojepxaHe piBHSHHS 1 Gpopmyny (5.1), mepeTBopuMO AaHMA

KPUBOJIHIMHUHN 1HTErpaj y BU3HAUEHUH 1HTErpaji Ta 004UCIUMO Horo:

y=1+x, y'=1, dl=v1+1%dx=+/2dx,
Xg =0

T(a%/x -~ 341+ x W20k = 4J§jx4dx 3ﬁj1+x )2d(1+x)=

Xa=—1
0 0

(x+1)%
~3J2
A . Y L

0) nmepeTBOpUMO JTaHWM KPUBOJIHIMHUNA IHTETpall y BU3HAYEHUH 3a J0MOMOTO0I0

4

=-3J2-24J2=|-52|.

dopmynu (5.2), HOTIM 060YUCTUMO HOTO:

x=c0s>t , dx=-3cos” tsin tdt; y=sin>t, dy=3sin > tcost;

—/9cos” tsin 2t +9sin * tcos? tdt = 3sin t costdt .

JIisi BU3HAUEHHS MEX IHTErpyBaHHS HEOOXIAHO 300pa3uTH acTpoiny 1 TOYKHU

A,B (puc. 5.1).

-1.5+

Puc. 5.1
45



T

2
(4cost —3+/sin®t )3$in tcostdt =—12 cos® td (cost ) — 9 [sin 72t (sint)=

N ——N N
N —n N

* 18 > [ 10
2 4 sin 2t =|-—.
p3 7 7

T

=—4cos°t

3 a0 aual.2 O0uuciutu I xdl, ne |— nyra mapa6omu X° =2y Bix TOuUKH
L

0(0;0) no Touku A(\/§;4).

P o336’ a3amnmns [lobynyemo ayry interpyBaHus (puc. 5.2).

451Y

n¥X

Puc. 5.2
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MaeMo KpUBOIIHIMHUN IHTETrpaJl IEPIIOTO POy, a JIHIIO 3pYYHO 3aAaTH y GopmMi,
2

PO3B’s13aHiil BITHOCHO Y@ Y = - Toni 3a popmyoro (5.1), ogepxumo

J8 ( 2)%JE
jxdh:ij1+x2dx=—£ié;——- _|%®

L 0

0

3aoawualb.3. ObuncouTu Ixy(x2 +y? )dl,z[e | — yBepTh KOMa X° +y° =R’
L

10 JICKUTH y MCPIIOMY KBa):[paHTi.

Po3e’a3amnna lleperBOpuMO JaHUN KPUBOJIIHIMHUM IHTETpasl y BU3HAUCHUI

iHTerpai. s nporo 3anuieMo piBHSHHS JyTd Koja y napameTpuuHii Gopmi

T
x=RuBt,y:R§nL0§tsE

1 ckopucraeMocs Gpopmyioro (5.2)

x! =—Rsint, y/ =Rcost, dl=+vR?sin?t+R? cos? tdt = Rdt;

[xy(x? +y?)dl =

L

R?sintcost(R? cos? t+R? sin 2 t )Rdt =

O =N | N

_ sin?t|2 |R°®
costsin tdt =R ° = .
2 2

=R?

Ot N | N

0

3ao0auab4. O6uncIuTH KPUBOIIHIMHUHN 1HTETpa I (xy—l)dx + x?ydy Bin
L

toukn A(1;0) xo Touxn B(0;2):
a) mo my3i mapa6omu 4X+ Yy’ =4;

0) mo mysi eminca X=c0st. y=2sint,

Po36’sa3amnnsa:a)y nadii 3a1adi MaeMO KpUBOIHIWHUN 1HTETpasI APYyTroro

poxy. Jlyis mepeTBOpeHHsT WOTO Y BU3HAYCHUHN IHTErpall CKOPUCTAEMOCS (HOPMYIIOIO
(5.4):

dx
y=~4—-4x=2~1-Xx, dy=— ,
V1-X
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(x2«/1—x —1)dx—2x2 J1-x- ax :T(Zx\/l—x —1-2x°? )dx=
1

P ——— O

1-X
0 0 0 1-x)* (1—x)* 2 "
=2jxx/1—xdx—fdx—2jx2dx=—4( x) —( x) —x\f——x?’ =
1 1 1 3 5 1 3 1

8 2 |17

=——+14+—=—|

15 3 (15

0) mnepeTBOPMMO JaHWW I1HTErpajl y BHU3HAYEHHMH 3a 3MIHHOIO t, TOTIM
CKOpHUCTaBIIKUCH (hopMmyIioro (5.5) obunciumo ioro. 3HaueHHs mapameTpa t B ToUukKax

A 1 B 3HaiinieMo 3 [JaHMX TapaMeTPUYHUX PIBHSAHb e€Jilca 3a BIJOMUMU

KOOpANHATAMH IIUX TOYOK.
X=cost, dx=-sintdt; y=2sint, dy =2costdt;

(cost-2sint —1)-(—sin tdt)+cos® t- 2sin t - 2costdt =

O =N | N

OEIN N ce—m vy

(— 2sin 2 tcost +sin t + 4cos® tsin t )dt =

T

o Ny

2
=—4[cos® td(cost )+ [sin tdt — 2sin * td(sin t) =
0
cos® t|2 z , 4
=—4 —cost|? sin®t] =|—
4 . 13

3a0aual.5 OOUUCIUTH KPUBOIIHIMHHUMN 1HTETpaT

[x?dy+y?dx+x2dx—ydy ,
L

ne L— minisg yz\x\ mix Toukamu A(-1;1) i B(2;2).

Po3¢’ a3 amnmnsa Tyr 3anaauil KpUBOJIHIMHUM 1HTETpasl Apyroro poay (mo

KoopauHatax ). [ToOyayemo JiHito iHTerpyBaHHS MiX 3aJJaHUMU TOYKamu (puc. 5.3).
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254y
24 Bo
15+
V=X
A al
y=-X
051
A5 M 05 o0 05 1 15 2 25
0.5+
Puc. 5.3

I'pymyeMo qoaaHKH, mo MicTsaTh dX i dy:

j(x2 +y? )dx+(x2 —y)dy.

L
Jlinisg iHTETpyBaHHS po30MBaAETHCA HA J1Ba BiApi3ku [-1;0] Ta [0;2] nisa KoKHOTO 3

HUX 3acTocyeMo dhopmyiy (5.4), y pe3yJbTari 0Jep>KuMo

f(x2 +y? Jdx +(x? —y)dyzi[x2 +x2 —(x? +x)]dx+i(x2 +x2 +x2 —x)dx=
a

L
x® X2

3a0auab. 6. O0uncauTH KPUBOMIHIIHI iHTETpayn 3a Tamanoo ABCA (puc.5.4):

a) f2xdx—(x+2y)dy;

:T(x2 —x)dx+z(3x2 — xJdx

-1

1 1 41
=—+—-+8-2=—|
3 2 6

6) { ycos xdx+sin xdy.
|
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Po3e6’a3amnnas:a)yuii3agadi (puc. 5.4) niHis iHTETpyBaHHS (3aMKHYTA)

CKIAJAa€ThCcsl 3 TPbOX BIAPI3KIB, IO JIeXKaTh Ha PI3HUX MOpsAMUX (3 PI3HUMU
PIBHAHHSAMH). Y LbOMY BHUIAJKYy KpHUBOJIHIMHMM iHTerpan mo naamanii ABCA

00YHCITIOEMO, SIK CYMY iHTerpaiiB, y3aTtux 1o Binpizkax AB, BC,CA.

253y

X
I /1 T 0 05 1 15 \2'5
054

Puc.5.4
CkmazeMo piBHsAHHS mnpsMoi AB: Y —2X=2, i BUXOII4d 3 [BOTO PIBHSHHS,

MepeTBOPUMO KPUBOJIIHINHUHN iHTerpan Ha AB y Bu3HaueHwmit inTerpai 3a GopMynor
(5.4)
0

0
[2xdx—(5x+4)2dx =-8[(x+1)dx =-4(x +1)° ‘ =—4.
AB -1

-1

AnanoriyHuM 9uHOM (puc. 5.4) 0OUYMCIIOEMO KPUBONIHIWHUN IHTErpal Ha
Bijpizkax BC,CA. BukopucroBytouu dhopmyiu (5.4), oneprkumo:
2
=10,

0

i}xdx+(4—»de=f(x+z0dx=(é;~+4x]

0

-1
—1-4=-3.

2

-1 X2
f2xdx: ijdx: 27

CA 2

Omxe, §2xdx—(x+2y)dy=-4+10-3=[3]
e
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0) TyT MiAIHTETpaJIbHUIA BUpa3 € MOBHUM nudepeHnian GyHKLii 1BOX 3MIHHHX,
!

!
Tomy 1o (ycosx) y =(sin X) « =CosX. YHacHiAOK MbOro NaHMil KPHBOTiHiHHMIA
IHTErpas, y3aTUid 10 IEPUMETP1 TaHOTO TPUKYTHHUKA (pUC 5.4), TOPIBHIOE @ Bin Oyne
JOPIBHIOBATHU HYJIIO 1 O Oy/1b-IKOMY IHIIOMY 3aMKHYTOMY KOHTYPI.

Jaoaui 013 camMoCmiiuH0O20 PO36°A3VE6AHHS

1. OGUMCINTH KPUBOMIHIMHUN IHTErpasl I y(x - y)dx + Xdy 3a JiHiAMU:
OA

1 31
@) Y=2X; BIANOBiIb: ; 0) y:2x2; BIJIIIOBIIb ; 8) y2:4x, O(O;O), A(1;2);

18
15|

BIJIIOB1b

2. OOYHCINTU KPUBOJIHIMHUN 1HTErpal 3a BIJIPI3KOM IPSIMOT

dl
AB X2+ y?

x—2y =4, A0;-2), B(4,0). Bianosizs: In #
3. OOUMCINTH KPUBOMIHIHHUHK iHTErpa I 2y sin 2xdx — cos 2xdy 3a Oyab-sKiii JiHil,
MN

M (% ;2), N(% ;1]. BigmoBias: .

4. O6GUMCINTY KPUBOJIIHIWHUNA 1HTETpal § 2x(y —1)dx + x*dy 3a xonTypoM dirypu,
+C

1110 OOMEKEHA JIIHISAMHU Y = x2 i y=9. BiHHOBiHBI@.

BJAHATTS Ne 6. OO0OuucjeHHS JeAKHMX BEJHYHMH 32 JOMOMOTOIO

KPUBOJIHIHHOTO iHTEerpaJa

3a OMOMOTOI KPHWBOJIHIMHMX IHTErpalliB MOXHA OOYHCIIOBATH Pi3HI

reOMETPUYHI Ta (PI3UYHI BETUINHH.
Hoexcuna oyzu AB nnockoi abo npocmopoeoi ninii oOuucawemvca 3a

dopmynoro

AB
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Inowa ¢izypu, saka pozmauwiosana 6 naowuni OXy it 00mexceHa 3aMKHYMOI0
qiniero C oduucaroemoca 3a hopmynoro

1
S = > jgxdy — ydx. (6.2)
+C
Maca mamepianvnoi oycu AB —
m= f6(M)dl, (6.3)
AB

oe 6(M) — ninitina winonicms pevosunu 6 mouuyi M oyzu.

3 a0 au a 6.1 3uaiitu noxuny ayru AB kpusoi ezy(ezx —1):62’( +1; A[L3),
B(2;5).

Po3e6’a3amnnsa Po3s'skeMo pIBHIHHS BITHOCHO Y

2X
e” +1
ey =

e?* 11
2x ! n
es" -1

e?* —1

5
2

Tenep xpuBa 3a1aHa piBHIHHSAM BUAY Y = f(X), toal nudepeHian ii xyru Oyae
obumcoBaTHCs B Takuii crioci6 dl =~/1+[f(x)]7 dx.

Buznaunmo f '(X):

+1 (ezx _1)2 e —1

4™ e _ e 1 144%™ JeB 420 41 e 41
dl= 14— dx= : dx = ! na
(e4x _]_) (e4x _1) e -1 e -1

BuxopucroBytoun dhopmymy (6.1), ogepxumo

f’(X):%, 22: _1. Zezx(ezx —1)— 2e2x(62x _|_1): 22X

dx.

In z
4x _ . A4 8
204% 11 e =2, X=—, npux=1, z=e 1¢741 dz
Ly =] dx = e e Rl
1et*r -1 dz 8 4°7-1 z
dx=—, npux=2,z2=e N ,

CM .6KA316KY

e? e? e® 8
:l _J‘$+2J. dz :(_1|n‘z‘+l|n‘2—1‘j :llne _1—].:}'”(94 +1)—1.
4] w1 z-1 4 2 s 2 2
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Bka3siBka: z+1 :é+ B = A(Z_l)—i_BZ; z+1=Az—- A+Bz,
2(z-1) z z-1 2(z 1)
7'1=A+B, B=2;

2°1=-A, A=-1

3 a 0 a u a 6.2. 3HalTH JOBXKHUHY Kapmioimum X=2acC0St—acos?2t,
y=2asint—asin 2t.

P o3¢’ 53 annsa Tyt KpuBa 3a7aHa TapaMeTPUYHUMHU PiBHIHHSIMU, ToMy Ol —

nudepeHian 1yru Oyae BU3HaYaTUCS TAKUM YHHOM

dl =(x/)? +(y; ?dt, x =—2asin t + 2asin 2t, y! =2acost —2asint,

dl = \/4a’(sin t - sin 2t)? + 4a’(cost — cos 2t)? dt =

—2av/sin 2t — 2sin tsin 2t +sin 2 2t + cos2 t — 2cost cos 2t + cos? 2tdt =

= 2a,/2 — 2(sin tsin 2t + cost cos 2t )dt = 2a+/2 — 2 costdt .

Tenep, ckopucraBmuchk hopmyioro (6.1), ogepxumo

27

2z 2
Lps =2a [~2—2costdt =4a [sin %dt :—4a-2cos% —[16a],
0 0

0

3 a0 awuab.3. 3HaliTu miomly, sika 0OMexxkeHa 3aMKHYTOIO0 KPHUBOIO X =acCost,
y=Dbsint.

Po3é’a3amnnsn TyT MaeMo eircC, piBHSHHS SIKOT'O 3aIMCaHO B TapaMeTPUIHIN

dopmi.
[lepeTBOpUMO KpUBOJIHIMHMIA 1HTETpad y BUSHAYCHHM 1HTETpal 13 3MiHHOWO t ¥

00YUCIMMO HOTO, CKOPUCTABIIKUCH (opMyInoro (6.2)
dx =—asin tdt , dy =bcostdt,

2

=|7ab xs.00)]

27
g1 § a costbcostdt + bsin tasin tdt:labjdtzlabt
2 2 2%,

+C 0

3 a 0 a u a 6.4. 3HaiiTi TONLy, AKAa OOMEXEHa acTPOiq0r0 Xx=acos’t,

y=asin’t, 0<t<2r.
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Po36 a3 amnmnza IlepeTBOpUMO KPUBOJIIHIMHUN IHTErpall y BUSHAUECHUH 13

3MiHHOMW t 1 00uncIIMoO Horo 3a popmyiioro (6.2)

dx =—3acos? tsin tdt, dy =3asin ? t costdt,

1 ) ) )
S== §acos3 t3asin 2 t costdt + asin 3 t3acos? t sin tdt =

+C
2 27 2 27 .
=3—j3|n  Cos tdt_3a 1 cosZt‘1+cosztdt:
2 1 2 2
2 27 2 |27 2 27
=Bij(1—c0522t)dt=3it _3a j1+C°S4tdt=
8 3 8 |, 8 2
3a7z 3a’ 3a’ 3alr 3alr |3a’xw
———sin4t| = — = K8. 00.
4 16 0 64 0 4 8 8

3 a0 awua 6.5 3uaiitu macy ayru AB kpuBoi Y = In X, sKiio B KOXHi# ii ToYi

NiHI}MHA MINTBHICTh TPONOPIIiHA 10 KBagpaTa abcucu Touku X, =1, Xg =3.

P o3¢ a3 amnna Cropucraemocs dopmyinoro (6.3). Buxogsuu 3 gaHoro

PIBHSIHHSI KpUBO1, IEPETBOPUMO KPHUBOJIHIMHHM 1HTETpall y BUSHAYCHHUH 13 3MIHHOIO

/ 2
y’:l,dlz 1+(y')dx = 1+i2dx: 1+ X
X X X

dx, (M )=kx?,
ne k — koedilieHT mpomopIiHHOCTI.

3 / 2 3
m:jé(M)dlzij2 L+ X dx=ij\/1+x2dx=
AB X 1

1

1+x* =2z, npux=1,2=2 K E % ? Z%lo
“xax=L, mpux=32-10"21% P73 Hg| BN
' %, )
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3adaui 013 camMoOCmMIUHO20 PO36 A3VE6AHHS

. . t &
1. 3HaI/ITI/I JOBXHWHY JOVYI'H KPHBO1 X = 2——, yZE MDK TOYKAMHU IICPCTHUHY 11 3

4

OCIAMH KOOPpJIHMHAT.

13
2|

2. 3HaifTn oIy, sIKa 0OMeKeHa IIeTIIeI0 IeKapToBOro aucTa X° + y° —3axy=0.

Biamosiae:

, ~ |3a’
BignoBinas: TK@. 00.

3. 3HaiiTy mIonty, 1o o6MesxKeHa KpuBo Y2 = x? — x*.

4

Bigmnosigs: § K6. 00.

4. 3uaiitn mMacy nyru OA_kpuBoi 3y = 2X~/X , KO B KOXHi# i Toumi M _niniitna

IIUILHICTH IPOIOpILIiiHa 10BkuH1 nyru OM ; O(O;O), A(4; %j

Bianosine: g k(63 -55 )
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JAOJATOK 1
NEAKI COIEIIAJIBHI NJOCHKI KPUBI

Jlemuickara BepHyJiai

Cuoipaas Apximenma

PiBHSHHS B IPSIMOKYTHHX KOOpPMHATAX
(x2 + y2)2 = q2 (xz _ yZ);
B HOJI?[pHI/IX KOOpZII/IHaTaX
p? =a?cos2¢;
HapaMeTquHe B Hp?[MOKYTHI/IX KOOleI/IHaTaX
acost asintcost

X=T—""> =
1 + sin?t Y 1 + sin?t

90°

270°

PiBusaHHS B MOJIIPHUX KOOpAWHATax
a

p= P ¢, a-KpOK clipaJi.

90°

180°

225° 315°

270°

AcTpoina

JlekapTiB JHCT

PiBHSIHHS B IPSMOKYTHUX KOOpAWHATAX
2 2 2

x3 + y§ = as;
HapaMeTpUYHE B IPAMOKYTHUX KOOPIMHATAX
x = acos3t, y = asinS3t.

PiBHSIHHS B IPSAMOKYTHHUX KOOPAWHATAX
x3 + y3 = 3axy;
B MOJIAPHUX KOOpJMHATAX
3acos @ sin @

cos? @ + sind¢’
IapaMeTpUYHE B MPAMOKYTHUX KOOPIAMHATAX
3at 3at?

1+t3

y Y=
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EninukJaoiga

Kapaioiga

[TapameTpuuHe piBHSIHHS

x=r(k+1) (cost—%),
y=r(k+1)<sint—w>;

R
k= pop k =1 -xapgioiga, k = 2 -nedpoizna.

PiBHSIHHS B IPSAMOKYTHHX KOOPIMHATAX
(x%2 + y2 + 2ax)? — 4a®*(x% + y?) = 0;
B IIOJIPHHUX KOOpAUHATAX
p = 2a(1 — cos @);
napaMeTpI/Iqu B HpﬂMOKYTHI/IX KOOpZII/IHaTaX
x = 2acost — acos 2t,
y = 2asint — asin 2t.

Y.

\ / P

Hedpoiga

3aBurtok Ilackaasa

PiBHAHHS B IPAMOKYTHHX KOOPIMHATaX
(x? +y2 — 4a?)3 = 108a*y?;
napaMeTpUyHe B MPSMOKYTHUX KOOPAMHATAX
x = 6acost — 4acos3t, y = 4asint.

Y

PiBHSIHHS B MPAMOKYTHHUX KOOPJAWHATAX
(x%2 + y%2 + ay)? = b?(x? + y?);
B MTOJIIPHUX KOOPJMHATAX p = b —a cos ¢ ;
napaMeTpUYHEe B MPSIMOKYTHUX KOOpPIUHATAX
x = 2acost — b cos 2t,
y = 2asint — b sin 2t.

Y

PQ=b

Kaporoioa
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TpunearOcTKoBa po3a

YoTUpHUIIEJIOCTKOBA po3a

PiBHAHHS B IPSAMOKYTHHX KOOpPJMHATAX
(x2 + y2)? = a(3x%y — y3):
X y = a\sx"y —y-);
B MOJIIPHUX KOOpAMHATAaX

p = asin 3.

90°

270°

PiBHSIHHS B IPSAMOKYTHHX KOOPIMHATAX
(x2 + y2)3 = 4a2x2y?;
B MOJIAPHUX KOOpIMHATaX
p = asin2¢.

90°

180°

0 360°

225° 315°

270°

IIukJaoiga

PiBHSIHHS B IPSMOKYTHHUX KOOpAWHATAX

a —

X = aarccos

HnapaMeTpHYHE B MPSIMOKYTHUX KOOPANHATAX
x = a(t —sint),

>~ 2ay =y

y = a(1 — cost).
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JAOJATOK

AEAKI IIOBEPXHI APYI'OI'oO ITIOPAAKY

2

Eaincoifg

OZHONMOPOKHUHHUU
rinepo6oJsoisg

xZ yZ ZZ

—+—5+5=1a>0b>0c>0a=2b=>c
a: b 2

yZ ZZ

__§=1, a>0,b>0,c>0,a=b

JIBOMMOPOKHUHHUHU
rimep06o0J0ijg

Konyc

2 2 ZZ
s+—5—-—5=-1,a>0b>0,c>0a=bh.
at  b* c?

2
=+

yZ ZZ
——-—=0,a>0b>0,c>0,a=b.
b°
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EainTuuyHui mapa6oJoifg

limepO6osaiunuii mapaéoJa0if

2 2
2

+b—=22, a>0,b>0,a=b.

2 yZ
—2——2=ZZ, a>0b>0.
ac b

ExdinTuuyHU¥ MUJIIHAP

lnep6oaiuyHU¥ IMUJIIHAP

x2 2

;+?=1, a>0,b>0,a=b.

2 2

Y

ST T

2 2

X
E—b—2=1, a>0,b>0.
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ITapa nJromuH, 110
NepeTuHAKThCA

ITapaGoaiuHuNN MUJIIHAP

Hapa ImapaJjJejJbHHUX IIJOIIIHUH

ITapa nJaommH, 110
30iraloThcAa
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